Recently, Guo and Sun derived an identity for factorial Grothendieck polynomials which is a generalization of the one for Schur polynomials by Fehér, Némethi and Rimányi. We analyze the identity from the point of view of quantum integrability, based on the correspondence between the wavefunctions of a five-vertex model and the Grothendieck polynomials. We give another proof using the quantum inverse scattering method. We also apply the same idea and technique to derive a new identity for factorial Grothendieck polynomials for rectangular Young diagrams. Combining with the Guo-Sun identity, we get a duality formula. We also discuss a q-deformation of the Guo-Sun identity.
Introduction
Recently, Guo and Sun derived identities for factorial Grothendieck polynomials [1] . The factorial β-Grothendieck polynomials, which is a K-theoretic analogue of the factorial Schur polynomials [2, 3, 4, 5] , have the following determinant form [6, 7] G λ (z|α) = det n ([z i |α] λ j +n−j (1 + βz i ) j−1 )
where λ = (λ 1 , λ 2 , . . . , λ n ) is a partition, i.e. a nonincreasing sequence of nonnegative integers whose graphical representation is naturally given by the Young diagram. z = {z 1 , . . . , z n } is a set of symmetric variables, α = {α 1 , α 2 , . . . } is a set of factorial variables and
where z ⊕ α := z + α + βzα.
One of the identities Guo and Sun derived is the following one [1] : for a partition λ = (λ, . . . , λ k ) such that λ 1 ≤ m − k and another one µ = ((m − k) n−k , λ 1 , . . . , λ k ), the following identity holds:
where S n k is a k-subset of [n] = {1, 2, . . . , n},
[n] k is the set of k-subsets of n, S n k = {1, 2, . . . , n}\S n k , and G λ (z S n k |α) = G λ ({z i 1 , . . . , z i k }|α) for S n k = {i 1 , . . . , i k }. This identity generalizes the one for the Schur polynomials derived by Fehér, Némethi and Rimányi [8] which corresponds to the case β = α 1 = α 2 = · · · = 0, and we will call this type of identity as Fehér-Némethi-Rimányi-Guo-Sun type identity.
In this paper, we restrict to the case β = −1, and investigate this identity and also derive similar identities from the viewpoint of quantum integrability. Recently, there is an active line of research which investigates relations between integrable models and related structures (integrable lattice models, classical integrable systems, vertex operators, crystal basis) and the (dual, symmetric) Grothendieck polynomials, and study the properties of the Grothendieck polynomials using the connections. See [9, 10, 11, 12, 13, 14, 15, 16, 17] for examples for various topics. We give another proof of the Guo-Sun identity (1.3) using the quantum inverse scattering method [18, 19] , which is a method developed to study quantum integrable models. Why we can use this method for giving another proof is based on the correspondence between certain types of partition functions of an integrable five-vertex model and the Grothendieck polynomials. Based on this correspondence, we give an integrability proof using the quantum inverse scattering method. We also apply the same idea and technique to derive an identity for factorial Grothendieck polynomials for rectangular Young diagrams. The five-vertex model which is used can be regarded as a certain limit of the U q ( sl 2 ) six-vertex model [20, 21, 22] . Based on this viewpoint, we also discuss a q-deformation by following the line of computation to derive the Guo-Sun identity.
This paper is organized as follows. In the next section, we explain the correspondence between the wavefunctions of the U q ( sl 2 ) six-vertex model and symmetric functions, and its q = 0 degeneration which gives the correspondence between the wavefunctions of the five-vertex model and the factorial Grothendieck polynomials. In section 3, we give another proof of the Guo-Sun identity by using the quantum inverse scattering method. In section 4, we derive a new identity for the factorial Grothendieck polynomials for rectangular shapes by using the same idea and technique in section 3 to "a different direction". We discuss a q-deformation of the Guo-Sun identity by applying the same idea to the U q ( sl 2 ) six-vertex model. Section 5 is devoted to the conclusion of this paper.
2 U q ( sl 2 ) six-vertex model, wavefunctions and degeneration to the five-vertex model
In this section, we first introduce the U q ( sl 2 ) six-vertex model and explain the correspondence between the wavefunctions and symmetric functions. Next, we degenerate the six-vertex model to the five-vertex model and explain the correspondence between the wavefunctions and the factorial Grothendieck polynomials. The U q ( sl 2 ) R-matrix is the following matrix [20, 21] (Figure 1 ) Figure 1 : The R-matrix of the six-vertex model (2.1).
The R-matrix (2.1) satisifies the Yang-Baxter relation
We denote the orthonormal basis of W a and its dual as {|0 a , |1 a } and { a 0|, a 1|}. We also introduce the following Pauli spin operators σ + and σ − as operators acting on the (dual) orthonomal basis as
3)
The monodromy matrix T a (u|w 1 , . . . , w m+n−k ) is the product of R-matrices
The B-operator is a matrix element of the monodromy matrix T a (u|w 1 , . . . , w m+n−k )
1 ⊗· · ·⊗W * m+n−k ) and configuration vectors as
We now introduce the wavefunctions W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x n ) as ( Figure 2 ) We next define the following symmetric function F m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x n ) which depends on the symmetric variables u 1 , . . . , u n , complex parameters w 1 , . . . , w m+n−k and integers x 1 , . . . , x n satisfying 1 ≤
(2.9)
The wavefunctions W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x n ) is explicitly expressed as the symmetric function F m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x n )
See [23, 24] for example for proofs of this correspondence. Next, we explain the degeneration of the correspondence (2.10). If one sets q to q = 0, the R-matrix for the six-vertex model (2.1) reduces to that for the five-vertex model
Under the change of variables
. . , n), the correspondence at q = 0 (2.10) becomes the following correspondence between the wavefunctions of the five-vertex model and the β = −1 factorial Grothendieck polynomials [9, 12] 
We use this correspondence in the next two sections to investigate identities for the factorial Grothendieck polynomials from the viewpoint of quantum integrability.
Integrability proof of Guo-Sun identity
In this and the next sections, we consider the five-vertex model whose R-matrix is given by (2.11) which is the q = 0 limit of (2.1). Every object introduced in the last section should be understood that we set q to q = 0 in this and the next sections. In this section, let us show another proof of Guo-Sun identity (1.3) using the quantum inverse scattering method. They derived an identity for Grothendieck polynomials of the following partition µ = ((m − k) n−k , λ 1 , . . . , λ k ). Applying the correspondence (2.12) to this partition, we have
(3.1) Figure 3 : The wavefunctions corresponding to the factorial Grothendieck polynomials of
To prove the Guo-Sun identity, we investigate W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |λ k + 1, . . . , λ 1 + k, m + 1, . . . , m + n − k) using its graphical description ( Figure 3 ) and derive another expression.
First, from the graphical representation of W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |λ k + 1, . . . , λ 1 +k, m+1, . . . , m+n−k) and noting that the bulk weights are given by the R-matrix of the five-vertex model (2.11), one can see that the R-matrices of the rightmost n−k columns are all frozen ( Figure 4 ). Multiplying all the matrix elements of those frozen R-matrices, we get the factor n j=1 u n−k j . Next, looking at the unfrozen part, we find that they are expressed
Next, we commute the multiple operators 
relation for the monodromy matrices
Some matrix elements of (3.3) are given by
For integrable models which have the R-matrix of the five-vertex model as an intertwiner, a compact formula between the commutation relations between multiple D-operators and Boperators can be derived from (3.4), (3.5), (3.6), (3.7), following the argument of [25] (they were analyzing the integrable phase model [26] , but the type of the representation for the quantum space does not affect the argument). The result is given by
Using (3.8) and the action of the D-operators on the vacuum state
which one can further rewrite using the correspondence (2.12)
as
Finally, we compare the two expressions for the same object. From (3.1) and (3.12), we get 13) which, using the translation rule z j = 1−u −1 j (j = 1, . . . , n), α j = 1−w j (j = 1, . . . , m+n−k), can be rewritten as the Guo-Sun identity (1.3) for the case β = −1
4 An identity for rectangular shapes
In this section, we apply the idea and technique used in the last section "in a different direction" to derive an identity for factorial Grothendieck polynomials. We consider the case when the partitions whose corresponding Young diagrams are rectangular shapes, i.e. we consider the case when the partition is of the form µ = ((m − k) n−k , 0 k ). We show the following identity. 
is the set of k-subsets of m and S m k = {1, 2, . . . , m}\S m k . Proof. We first introduce another class of monodromy matrices 2) and vectors in the auxiliary space |Ω n := |1 a 1 ⊗· · ·⊗|1 an ∈ W a 1 ⊗· · ·⊗W an and n 0 k 1 n−k | :=
In this section, we deal with the wavefunctions of the following type W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |1, . . . , k, m + 1, . . . , m + n − k), which due to the correspondence (2.12), can be expressed using the factorial Grothendieck polynomials of a rectangular shape ((m − k) n−k , 0 k ) as W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |1, . . . , k, m + 1, . . . , m + n − k)
We now apply the same idea and technique used in the last section, but we use in a different direction this time. From the graphical representation of the wavefunctions W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |1, . . . , k, m + 1, . . . , m + n − k) ( Figure 5 ), we first find that the R-matrices at the rightmost n − k columns are frozen, and the product of the matrix elements of the R-matrices gives the factor n j=1 u n−k j again. The remaining part can be written using the matrix elements of another type of monodromy matrices (4.2) we introduced in this section as n 0
C(w j |u 1 , . . . , u n )|Ω n , and we have
Next, we commute the operators m j=k+1 A(w j |u 1 , . . . , u n ) with k j=1 C(w j |u 1 , . . . , u n ). The intertwining relation
gives
from which we can get the following compact form of the commutation relation by the argument in [25] 
(4.10)
Using (4.10) and the action of the A-operators on the state |Ω n
(4.4) can be rewritten as One can easily see from the graphical description that the partition function
. . , u n )|Ω n is completely frozen (Figure 6 ), and find that its explicit form is given by
Substituting (4.13) into (4.12), we get
(4.14)
Finally, we compare the two expressions (4.3) and (4.14) to get (4.15) which, after using the translation rule z j = 1 − u −1 j (j = 1, . . . , n), α j = 1 − w j (j = 1, . . . , m + n − k), becomes the identity
Example of Theorem 4.1 When n = 2, k = 1, m = 2, the right hand side of (4.1) is
which gives the left hand side G (1,0) ({z 1 , z 2 }|α).
Combining (4.1) with the Guo-Sun identity (1.3) for the case λ 1 = · · · = λ k = 0 and using G (0,...,0) (z S n k |α) = 1, we get the following duality formula.
Theorem 4.2. The following identity holds:
S n k ∈( [n] k ) i∈S n k (1 − z i ) n−k j∈S n k m i=1 (z j ⊕ α i ) i∈S n k j∈S n k (z j − z i ) = S m k ∈( [m] k ) i∈S m k (1 − α i ) m−k j∈S m k n i=1 (z i ⊕ α j ) i∈S m k j∈S m k (α j − α i ) . (4.18)
A q-deformation
In this section, we discuss a q-deformation of the Guo-Sun identity. We follow the same procedure of computation in section 3 done for the five-vertex model. Now we consider the U q ( sl 2 ) six-vertex model whose R-matrix is given by (2.1). Recall that the correspondence between the wavefunctions of the six-vertex model and the symmetric functions (2.9) are given by (2.10), which applied to the one W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x k , m + 1, . . . , m + n − k) we deal with in this section, becomes
(5.1) Figure 7 : The decomposition of the wavefunctions (5.2).
Next we examine W m+n−k,n (u 1 , . . . , u n |w 1 , . . . , w m+n−k |x 1 , . . . , x k , m + 1, . . . , m + n − k) from another point of view as in section 3. Unlike the case for the five-vertex model, the R-matrices of the rightmost n − k columns are not frozen now (the R-matrix at the northeast corner is not frozen). However, from the the so-called ice rule a γ| b δ|R ab (u, w)|α a |β b = 0 unless α + β = γ + δ and since the states at the right boundary are all 0|, one can see that the wavefunctions can be decomposed as (Figure 7 )
where
A(u j |w 1 , . . . , w m ) ×B(u y 1 |w 1 , . . . , w m )
W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) is another class of wavefunctions and one can show the following correspondence W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) =F n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ), (5.4) where F n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) is the following symmetric functions with symmetric variables w m+1 , . . . , w m+n−k , another set of variables u 1 , . . . , u n and a set of integers y 1 , . . . , y n−k satisfying 1 ≤ y 1 < y 2 < · · · < y n−k ≤ n F n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k )
One can show the correspondence (5.4) for example by the Izergin-Korepin method [27, 28] , which can be applied to the wavefunctions [24] as follows. First, we construct the following Korepin's lemma which list the properties of the partition functions which uniquely characterize them. For the case of the wavefunctions W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ), the Korepin's Lemma is given below.
Proposition 5.1. The partition functions W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) satisfies the following properties.
(1) W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) is a polynomial of degree n − k in u n if y n−k = n.
(2) W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) is symmetric with respect to w j , j = m + 1, . . . , m + n − k. W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k )| un=0 = 0, (5.6)
If y n−k = n, the following factorizations hold for the wavefunctions:
The following holds for the case n − k = 1,
After constructing Korepin's Lemma, by showing that the symmetric functions F n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) satisfy all the properties in Proposition 5.1 and we get the correspondence (5.4). Now we examine the factors 10) in (5.2). We apply the method used in [29] to study correlation functions of the XXZ spin chain for simplifying (5.10) . From the intertwining relation (3.3) for the six-vertex model (2.1), we get
From the argument which is standard in the algebraic Bethe ansatz, we can combine (5.11), (5.12) and 13) to show the following relation
Using (5.14) repeatedly, one gets
B(u j |w 1 , . . . , w m )D(u y 1 |w 1 , . . . , w m )
Combining (5.15) and the correspondence 
×W m,n ({u 1 , . . . , u n }\{u a 1 , . . . , u a n−k }|w 1 , . . . , w m |x 1 , . . . , x k ).
(5.17)
Inserting (5.17) into the right hand side of (5.2), one gets
×W n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) ×W m,n ({u 1 , . . . , u n }\{u a 1 , . . . , u a n−k }|w 1 , . . . , w m |x 1 , . . . , x k ), (5.18) which, using the correspondences (2.10) and (5.4), becomes an identity ×F n,n−k (w m+1 , . . . , w m+n−k |u 1 , . . . , u n |y 1 , . . . , y n−k ) ×F m,n ({u 1 , . . . , u n }\{u a 1 , . . . , u a n−k }|w 1 , . . . , w m |x 1 , . . . , x k ), (5.19) for the symmetric functions (2.9) and (5.5).
Conclusion
In this paper, from the point of view of quantum integrability, we first investigated the identity for the factorial Grothendieck polynomials found by Guo and Sun [1] which generalizes the one for the Schur polynomials by Fehér, Némethi and Rimányi [8] . We gave another proof by using the quantum inverse scattering method, which is a method to analyze quantum integrable models. Why the method can be used is based on the fact between the correspondence between the wavefunctions of a five-vertex model and the factorial Grothendieck polynomials. We next used the same idea and technique "in another direction" to derive an identity for the factorial Grothendieck poylnomials of rectangular shapes. Combining the identity with the Guo-Sun identity, we obtained a duality formula. We also discussed a q-deformation of the Guo-Sun identity, based on the correspondence between the wavefunctions of the U q ( sl 2 ) sixvertex model and the q-deformation of the factorial Grothendieck polynomials and following the same line of computation to prove the Guo-Sun identity. The identity obtained for the q-deformed symmetric functions is rather much more complicated than the Guo-Sun identity since the six-vertex model is a more general model than the five-vertex model, and it is an interesting problem whether one can simplify the identity to a more compact form.
It may also be interesting to reexamine existing formulas for the Schur and Grothendieck polynomials from the viewpoint of quantum integrability, and apply the same idea and technique in different ways, cases and places to obtain new identities.
